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7. Control Volume Concept
The Reynolds Transport Theorem represents an interesting
mathematical approach to describe several very important
fundamental concepts used throughout fluid mechanics - namely
Conservation of Mass and Conservation of Momentum. The
Reynolds Transport Theorem provides a convenient relationship
between a system and a control volume. However, before we
discuss the Reynolds Transport Theorem, let’s discuss some
fundamental terms that we will refer to frequently in our discussion
of the transport theorem.
7.1.

Definition of Terms

When describing fluid flow, otherwise known as fluid kinematics,
we have two possible ways to describe the flow. One way is to
keep track of a fixed collection of fluid as the fluid moves through a
hydraulic system. For example, consider the river shown in Figure
2- 131 below. Suppose that we keep track of the fixed collection of
water shown in dark blue as it moves downstream. At time t the
mass of water, perhaps 500,000 gallons, is located near the
upstream end of the river. As it moves towards the narrow part of
the river the shape of the 500,000 gallons changes; however, we
continue to have 500,000 gallons. The shape and perhaps even
the velocity changes as we continue to move downstream towards
the wide part of the river. When we keep track of a fixed collection
of matter we are using what is called the Lagrangian description of
fluid flow.
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System at time t

Control Volume

System at time t+t

System at time t+2t

Figure 2- 131 - A System and Control Volume wIthin a River

Another way to describe flow is to examine a fixed volume in space
and examine the behavior of the fluid as it passes through this fixed
volume. Examining the behavior of fluid within a fixed volume in
space is called the Eulerian description of flow. The Eulerian
approach is frequently used in fluid mechanics as it is more
conventient to use in those cases where the fixed collection of
matter may change shape.
We define a system as a fixed collection of matter. The mass of a
system does not change because a system is fixed collection of
matter. A control volume is a fixed location in space through which
matter flows. The boundaries of a control volume are called control
surfaces. Material flows into and/or out of a control volume through
the control surface. The size of a control volume can change over
time, but its location in space remains fixed.
We define a property, B, as some characteristic of a fluid.
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Properties in fluid systems may include mass, momentum or
energy. There may be other properties as well. We call the
property of a system the extensive property. We define another
property called the intensive property, b, as the extensive property
per unit mass. Thus:
b=B/M
Where:

b – Intensive Property
B – Extensive Property
M – Mass

Examining a system is analogous to the Lagrangian description of
flow where we keep track of the system. Use of control volumes is
analogous to use of the Eulerian description of flow. We will see in
the next section that the Reynolds Transport Theorem provides a
tool that allows us to examine the behavior of a system as it passes
through the control volume.
7.2.

Derivation of Reynolds Transport Theorem

Consider the system and control volume shown in the figure below.
The system is shown in blue while the control volume is shown in
red. Notice in the figure below that the system and the control
volume are one and the same at this instant in time. We say that
the system and the control volume are coincident. After some time
has elapsed the system and the control volume will no longer be
coincident as the system will have moved downstream and the
location of the control volume will remain fixed. This is shown in
Figure 2- 133.
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Control Volume

System

Q

Conditions at Time t
Figure 2- 132

Notice that at time t the extensive property of the system and the
extensive property of the control volume are one in the same. In
other words:
𝐵(𝑡)

= 𝐵(𝑡)

Eq. (2- 132)

At time t+t, we can define the extensive property of the system
as:
𝐵(𝑡 + ∆𝑡)

= [𝐵(𝑡 + ∆𝑡)

− 𝐵(𝑡 + ∆𝑡) ] + 𝐵(𝑡 + ∆𝑡)

Eq. (2- 133)

What the expression above says is that the extensive property of
the system at time t+t is equal to the extensive property within the
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control volume at time t+t plus the net flux or amount of the
extensive property that passes through the control surface.
The net flux of the extensive property that passes through the
control surface is the amount of extensive property that leaves the
control volume (through the control surface) minus the amount of
property that enters the control volume. The extensive property
that enters the control volume through the control surface is
denoted by:
𝐵(𝑡 + ∆𝑡)
The extensive property that leaves the control volume through the
control surface is denoted by:
𝐵(𝑡 + ∆𝑡)
Note that in Eq. (2- 133), the first two terms on the left side of the
equation represent the amount of extensive property of the system
that remains within the control volume.
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Figure 2- 133

Frequently we are interested in the time rate of change of the
extensive property of a system, i.e. dBSys/dt. Using the definition of
a derivative we have:
𝑑𝐵
𝑑𝑡

= lim

𝐵(𝑡 + ∆𝑡)

− 𝐵(𝑡)
∆𝑡

∆ →

Eq. (2- 134)

Expressing the extensive property of the system in terms of the
extensive property of the control volume we have:
𝑑𝐵
𝑑𝑡

= lim

𝐵(𝑡 + ∆𝑡)

∆ →

= lim
∆ →

− 𝐵(𝑡)

∆𝑡
𝐵(𝑡 + ∆𝑡)

− 𝐵(𝑡 + ∆𝑡) + 𝐵(𝑡 + ∆𝑡) − 𝐵(𝑡)
∆𝑡

Eq. (2- 135)
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We now rearrange Eq. (2- 135) to obtain:
𝑑𝐵
𝑑𝑡

𝐵(𝑡 + ∆𝑡) − 𝐵(𝑡)
→
∆𝑡
𝐵(𝑡 + ∆𝑡)
𝐵(𝑡 + ∆𝑡)
− lim
+ − lim
∆ →
∆ →
∆𝑡
∆𝑡

= lim
∆

Eq. (2- 136)

Eq. (2- 136) now becomes:
𝑑𝐵
𝑑𝑡

=

𝑑𝐵
𝐵(𝑡 + ∆𝑡)
𝐵(𝑡 + ∆𝑡)
− lim
+ − lim
∆ →
∆ →
𝑑𝑡
∆𝑡
∆𝑡

Eq. (2- 137)

Note that there are three terms on the right-hand side of Eq. (2137). We will deal with the time rate of change of the extensive
property within the control volume, dBCV/dt, then we will examine
what the last two terms represent.
If we integrate the intensive property over the control volume then
we obtain the total amount of the extensive property within the
control volume. This can be expressed as:

𝐵

=

𝜌𝑏𝑑∀

Eq. (2- 138)

Where:

BCV – the amount of extensive property within the control volume
 - the density of the fluid within the control volume
b – the amount of intensive property within the control volume
 – the volume of the control volume
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Note that if we perform a dimensional analysis on the terms in Eq.
(2- 138) we obtain dimensional consistency, thus lending validity to
the equation.
Property = (Mass/Volume) * (Property/Mass) * (Volume)
Substituting in Eq. (2- 138) into Eq. (2- 137) we obtain:

𝑑𝐵
𝑑𝑡

=

𝑑 ∫𝐶𝑉 𝜌𝑏𝑑∀
𝐵(𝑡 + ∆𝑡)
𝐵(𝑡 + ∆𝑡)
− lim
+ − lim
∆ →
∆ →
𝑑𝑡
∆𝑡
∆𝑡

Eq. (2- 139)

Now let’s turn our attention to the last two terms of Eq. (2- 139).
The flowrate into the control volume carries the fluid property into
the control volume with it. We might think of the fluid property being
mixed with the fluid. Likewise, flow leaving the control volume will
take some of the extensive property out of the control volume with
it. Thus collectively, the last two terms in Eq. (2- 139) represent
the net flux of the extensive property through the control surface.
The only way that property-laden fluid may enter the control volume
is to pass through the control surface. Similarly, the only way that
fluid can leave the control volume is through the control surface.
We describe the net amount of extensive property that passes
through the control surface per unit time as:
− lim
∆ →

𝐵(𝑡 + ∆𝑡)
𝐵(𝑡 + ∆𝑡)
+ − lim
∆ →
∆𝑡
∆𝑡

=

𝑑𝐵
=
𝑑𝑡

𝜌𝑏(𝑉 ∙ 𝑛)𝑑𝐴
𝐶𝑆

Eq. (2- 140)

Where:

BCS – the net amount of extensive property that passes through
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the control surface
 - the density of the fluid within the control volume
b – the amount of intensive property within the control volume
dA – incremental area on the control surface
𝑉 – velocity vector
𝑛 – unit vector normal to the control surface

Of particular interest is the velocity vector V and its dot product with
the normal vector n̂. V  nˆ represents the component of the
velocity vector that is normal to the control surface. If the velocity
vector arrives at the control surface at some other angle than 90 o,
then we need to adjust the magnitude of the velocity to account for
the angle it makes with the control surface. Much more frequently,
however, we simply draw the control surface such that it is
perpendicular to the velocity vector. Doing so eliminates the need
for any adjustments.
Consider the simple pipe shown in Figure 2- 134 below. Notice the
trapezoidally-shaped control volume and how the velocity vector
does not arrive at the control surface in a perpendicular manner. If
we multiplied the velocity, V, by the area of the control surface –
which is shown in blue in the figure below – then we would
overestimate the flow into the control volume. If we overestimate
the flow into the control surface, then we overestimate the amount
of intensive property that enters the control volume.
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Figure 2- 134

One way to address this is to multiply the velocity by the angle that
the velocity vector makes with the control surface as shown in
Figure 2- 135 below. This will produce the component of the
velocity vector that is normal to the control surface (VN). Alternately
the size of the control surface can be multiplied by the angle that
the control surface makes with the velocity vector to produce a
surface that is normal to the original velocity vector. This is shown
in Figure 2- 135 below as the green line.
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D


Figure 2- 135

As mentioned earlier, the easiest way to insure that the velocity is
normal to the control surface is to simply draw the control surface
so that it is normal to the velocity vector. Again, this eliminates the
need for any areal or vector adjustments.
Combining Eq. (2- 139) and Eq. (2- 140) yields the Reynolds
Transport Theorem that will subsequently be used to develop
Conservation of Mass and Conservation of Momentum. The
Reynolds Transport Theorem that will be used to examine
Conservation of Mass and Conservation of Momentum is shown in
Eq. (2- 141).
𝑑𝐵
𝑑𝑡

=

𝑑 ∫𝐶𝑉 𝜌𝑏𝑑∀
+
𝑑𝑡

𝜌𝑏(𝑉 ∙ 𝑛)𝑑𝐴
𝐶𝑆

Eq. (2- 141)
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